We show that closed orientable smooth four-manifolds with non-trivial volume flux group and fundamental group of subexponential growth type are finitely covered by a manifold homeomorphic to S 3 × S 1 , S 2 × T 2 or a nil-manifold. We also show that if a compact complex surface has non-trivial volume flux group then it has zero minimal volume.
Introduction
Let M be a closed smooth manifold and μ a volume form on M. Let Diff(M) be the group of diffeomorphisms of M and denote by Diff μ (M) the subgroup of μ-preserving diffeomorphisms. Diff(M) is given the compact open topology, and it is a locally contractible space. It is a consequence of Moser's theorem [7] that Diff μ (M) is a deformation retract of Diff(M). The connected component of the identity in Diff μ (M), which is denoted by Diff μ 0 (M), therefore consists of volume preserving diffeomorphisms which are isotopic to the identity (through volume preserving diffeomorphisms).
Let X be a vector field on M and i X be the usual anti-derivation of degree −1, which associates to the n-form μ the (n − Note that if λ is a positive number then Γ λμ = λΓ μ . Moreover, if μ 1 and μ 2 are volume elements such that Vol(M,
Flux μ 1 . It follows that, up to normalization, the volume flux group is independent of the form μ, so it can be regarded as
There is an extensive literature on flux groups. We refer to the book by A. Banyaga [1] and the article by J. Kedra, D. Kotschick and S. Morita [6] for details and references. In this article we will be interested in the four-dimensional case of certain questions raised by the authors of [6] . The simplest way to prove the existence of non-trivial volume flux groups is when the manifold M admits circle action, which of course give loops in Diff μ (M) . It is shown in [6, Proposition 14] that the action produces a nonzero element in the volume flux group if and only if the real homology class of the orbits is nonzero. There are actually no other known examples of nonzero volume flux groups and one could ask how close manifolds with nonzero volume flux groups are to manifolds having a homological non-trivial circle action. In particular this is the simplest case of a polarized F -structure in the sense of Cheeger and Gromov, and the existence of such a structure implies that the minimal volume of M vanishes [2] . In this line of argument it seems reasonable to ask-following Kedra, Kotschick and Morita-whether manifolds with nonzero volume flux groups have vanishing minimal volume. They found the answers to these questions in the three-dimensional case [6, Theorem 2] ; if a closed three-dimensional manifold has a nonzero volume flux group then M admits a locally-free circle action. We recall, for the reader not familiar with the subject, that the minimal volume of M is the infimum of the volumes of Riemannian metrics on M for which all sectional curvatures are bounded between −1 and 1.
The purpose of this note is to give a partial analysis of the previous matters in the case of four-dimensional manifolds. We first consider the general case of smooth four-manifolds whose fundamental groups have subexponential growth type. Let us briefly recall the notion of growth of groups and explain what we mean by groups of subexponential growth type.
A word metric on a group G is a way to measure distance between two elements of G. A choice of a set S which
between elements g and h in G, defined as the minimum number of elements of S ∪ S −1 needed to express g −1 h. The growth function of a group G with respect to a symmetric generating set S describes the size of balls in G, that is, it counts the number of elements of G that can be written as a product of n elements of S.
for some constant C and k < ∞, we say G has polynomial growth rate. If β(n) a n for some a > 1, we say G has exponential growth rate. Otherwise we say G has subexponential growth type. It can be shown that the type of growth rate of the group G is independent of the choice of spanning set S. We will show: Theorem 1. Let X be a closed orientable smooth four-manifold with non-trivial volume flux group and whose fundamental group has subexponential growth type. Then X is finitely covered by a manifold homeomorphic to S
The proof is given in Section 2. It seems an interesting question whether each homeomorphism class appearing in the theorem can be realized by a smooth manifold admitting a homological non-trivial circle action or with a polarized F -structure.
Compact complex surfaces give perhaps the most interesting family of examples of smooth four-manifolds. In Section 3 we will prove:
Theorem 2. Compact complex surfaces with non-trivial volume flux group have zero minimal volume.
The theorem is proved by constructing polarized T -structures on each compact complex surface with non-trivial volume flux group. The fact that a non-trivial volume flux group implies the vanishing of the minimal volume has also been proved for manifolds admitting metrics with nonpositive curvature in [11] .
Proof of Theorem 1
We will split the proof of Theorem 1 into two parts. We first point out that the fundamental group is actually of polynomial growth type. 
Proof of Theorem 2
Compact complex surfaces M are classified by considering their Kodaira dimension K (M), which is the maximal (complex) dimension of the image of the surface under pluri-canonical maps (to a complex projective space). Then an elliptic surface. We will show that every elliptic surface with zero Euler characteristic admits a polarized T -structure of positive rank, in the sense of Cheeger and Gromov [2] . The fact that every elliptic surface admits a general T -structure has been shown in [8] . The existence of a polarized T -structure on a closed manifold implies that the minimal volume of the manifold vanishes, which is our interest. And in particular this implies that the Euler characteristic of the manifold vanishes, therefore our result is optimal in terms of existence
Recall that a T -structure on a manifold M is a covering of M by open subsets and torus actions on each of these open subsets such that the actions commute on overlaps. These local actions give well-defined orbits, and the structure is called polarized when the dimension of the orbits is locally constant. One can then construct Riemannian metrics on M such that all the local actions are isometric and prove that the minimal volume vanishes by collapsing the flat orbits [2] . It is a well-known fact (which can be consulted, for example, in [3, Proposition 7.2]) that compact complex elliptic surfaces of zero Euler characteristic are (deformation equivalent to a surface) obtained by performing logarithmic transformations on basic elliptic surfaces. Here a basic elliptic surface means a T 2 -bundle with structure group in SL(2, Z).
Another fact which we shall use (proven in [10, Corollary 20] ) is that every diffeomorphism of the 3-torus is isotopic to an affine transformation. With these ingredients we are ready to prove:
Proposition 4. Compact complex elliptic surfaces of zero Euler characteristic admit a polarized T -structure.
Proof. Let X be a compact elliptic surface with χ (X) = 0. Then X is obtained by performing logarithmic transformations on a basic elliptic surface B. Since B is a T 2 -bundle with structure group in SL(2, Z), it admits a polarized T -structure whose orbits are the fibers. So it is enough to show that for a generic fiber F in B the outcome of a generalized logarithmic transformation on F can still be given a polarized T -structure. is isotopic to ϕ. Observe that performing logarithmic transformations with ϕ and with A yield diffeomorphic manifolds (since they belong to the same isotopy class). Therefore we can perform the generalized logarithmic transformation using A instead of ϕ.
Let p be a coordinate in the fiber F and t i a coordinate in the torus T 2 used to define the action α i . In this notation both actions take the form α i (p) = p + t i , for i ∈ {1, 2}. We will abuse our notation slightly and still think of α i as acting on T 3 . The affine transformation A sends x in T 3 to ax + v, where a lifts to an element of SL(3, Z) and v ∈ T
. Its inverse
A −1 evaluates on x in T 3 as a −1 x − a −1 v. In order to conclude that these actions and gluing data preserve the previous T -structure's polarization, it remains to show that both α i commute when conjugated by A. That is, we need to prove that
Therefore after performing a generalized logarithmic transformation we still obtain a polarized T -structure. The result now follows for X , because we can repeat this process on each logarithmic transformation performed on B to obtain X . 
